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 Abstract: 

In [4] the author introduces the notion of pseudosubmeasure as generalization of the submeasure 
concept [2], and studies some proprieties of the pseudosubmeasure functions with values in a 
pseudometric space. 
The purpose of this paper is to develop an integration theory for these functions, with respect to a 
semigroup valued measure, using families of pseudosubmeasure and the associated topological rings. 
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 PRELIMINARIES 

© copyright FACULTY of ENGINEERING – HUNEDOARA, ROMANIA 49 

 
The notions and the notations used here follow 
the paper [4]. 
Let D be an ordered set with the smallest 
element d0 .On this set we define a mapping: 

with the following properties: 2121 ),( dddd +→
(P1)  Ddddddo ∈∀+=+ ;0

(P2) Ddddddd ∈∀+=+ 211221 ,;  
(P3) Dddddddd ∈∀+≤+⇒≤ ;2121  
There exists a subset left directed such 
that 

DD ⊆1

(P4)     DdDd ∈∃∈∀ 11 ,
so that . ddd ≤+ 11

Definition 1.1. A pseudometric on a set X is a D-
valued function so that: DXXp →×:
(i) yxdyxp =⇔= 0),(  
(ii)  Xzyxxypyxp ∈= ,,),,(),(
(iii) .,,);,(),(),( Xzyxyzpzxpyxp ∈+≤  
A set X together with a pseudometric ρ  is called 
a pseudometric space and is denoted by 

),,( DX ρ . 

Remark 1.2. Every uniform space (X,  ) is 
pseudosemimetrizable, [4]. Let  be a ring (or 
algebra) of subsets of fixed set S. 
Definition 1.3. A pseudosubmeasure on a ring 

is a mapping  γ :  → D  such that: )(S⊂  
(S1) (γ Ø 0) d=  
(S2) ∈γ≤γ⇒⊆ FEFEFE ,),()(  
(S3) ∈γ+γ≤∪γ FEFEFE ,),()()(  
If γ  has the propert that =⇒= AdA 0)(γ  Ø, 
then mapping Dp →×: ; )(),( BABA Δ= ρρ  is 
a pseudometric on  invariant to translation Δ  
(symmetric difference). 
Let Iii D ∈→=Γ }:{γ  be a family of 
pseudosubmeasure on  and consider 
the family 

)(SP⊂
finiteK }, 1DdI:{ ,dK ∈⊆==ΩΓ ν , 

where }.K∈,)( adAi ≤:(, AdK ∈= γν  

Then there exist a FN-topology )(Γτ  on   so 

that )(Γ = )(,,,( Γτ∩Δ ) is a topical ring. Let 
), D,(X ρ be a pseudometric space. 
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By generalizing the model established in [3], we 
introduce an uniform structure on XS in the 
following way: To every 

,we associate the set: DdIfiniteK ∈⊂= ,
 

 

},}))(),((;{;),{()( KiddsgsfSsXXgfD i
SS

k ∈<≥ρ∈γ×∈=

Then, the family  
forms a base for an uniform structure Γ on 

},);({ 1 IfiniteKDddWk ⊂=∈

SX . We denote . The map 

 is a -step function if there exists 

 so that iEs

),()( Γ=Γ SS X

n,...,2,1  

U
n

i
iESji

1

,
=

=≠

X

=

Ø,

SX
EX ,

j Ex ,

f ∈
xi ∈

ix ≠

ii ,∈

ji E =∩ ∈∀  

)( xs i=imply .,...,2,1 n   , i =f
The space of -step functions will be denoted by 

( , X).  

Definition 1.4. The function is SXf ∈ Γ - 
pseudosubmeasurable if f belongs to the closure 
of  ( , X)  in .  )(ΓSX
We denote  by  [ , Γ, X] the set of these 
functions. 
Definition 1.5. Let be a generalized 

sequence in  [ , Γ, X]  and f ∈  [ , Γ, X]. If 

in , then converges to f in 

- pseudomeasures and we denote  

}{ af

{ afff a →

Γ

)(ΓSX }
.ff r

a ⎯→⎯

 
 BASIC ASSUMPTIONS 

 
Let S be a nonempty set,  be an 
algebra of subsets of S and consider a family of 
pseudosubmeasures 

)(SP⊂

IiD ∈→iγ=Γ :{ } . 

Let  be three pseudometric 
abelian semigroups for which the addition is 
uniformly continous with respect to the 
pseudometric 

3,2,1),,,( =iDX i
ii ρ

).iρ  
In the sequel we consider an additive set 
function 0Ø)(,: 2 =μ→μ X  , and we will 
choose a family of pseudosubmeasures as it will 
be specified.  
The maps which are to be integrated with 
respect to μ  will belong to  and the integral 

with take values in  or its completion . 

SX1

3X 3X̂
 

Suppose that a separate continuous bilinear map 
exists ·y),(;321 xyxXXX a→×  so that:  

i)  ),X(x0,0·y·0 21 Xyx ∈∈==  

ii)   
).,,,(,·y·y

·y·y)·(y)(

2221112212

21112121

XyxXyxxx

xxyxx

∈∈++

+=++

Finally we suppose that μμ ,Γ  and the above 

bilinear map are chosen so that the following 
continuity axioms are satisfied: 
C1) For avery ∈F and every  there 

exists  with the following property: for 
any 

3
1' Dd ∈

1
1' Dd ∈

,Nn∈  if  ndyi ,'), < i ,...,2,1=xi(1ρ and 

 is sequence of pairwise disjoint set from  

then:  

}{ iE

.d)FEi ∩(),
1 1

yF
n

i
i <⎟

⎠

⎞∑ ∑
= =

μ(Ei ∩μ3 x
n

i
i⎜

⎝

⎛ρ

C2) For any .0)(lim,
Ø1 =μ∈

∈
→

ExXx
E
E

 

 
 INTEGRABLE FUNCTIONS 

 
Let  f ∈ ( , X) be a -step function. 
Definition 3.1. For E ∈ , the integral of  f on E 

is by definition  ∫ ∑
=

∩=
E

n

i
ii EExfd

1
).(μμ

We denote by ),,,( 31 XXμΓ  the set of μΓ -

integrable step functions. 
 
Theorem 3.2. (i)  Relatively to the operation 

),()())(( sgsfsgf +=+  the space 

),,,( 31 XXμΓ is a subsemigroup of  .3
1X

(ii)  For SE∈ , the map  from ∫→
E

fdf μ

), 31 XX,,( μΓ to  is additive. 3X
(iii) For ),,,( 31 XXf μΓ∈

∫ ∈=
E

EfdEv ,)( μ

 the map 

E  is an additive 

function. 

→ Ev ),(

(iv) For ; 

v(E)=  

),,,( 31 XXf μΓ∈

= 0μ
0

lim
⎯⎯→⎯
ΓμE

∫
⎯⎯→⎯
Γ

EE
fdlim

0μ

The proof follows from definition 3.1 and axioms 
C1 and C2. The extension of the integral from step 
functions to the arbitrary functions in  is 
based on the following result: 

SX 1
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Lemma 3.3. Let be  a generalized sequence 

from , which is Cauchy in 

For  to be a Cauchy 

sequence in X3 uniform with respect to E ∈  it 
is necessary and sufficient that: 

}{ af
, 1XμΓ

⎩
⎨
⎧
∫
E

dfα

),,( 3Xf ∈

).μΓ
⎭
⎬
⎫

μ(1
SX

a)  For any neightbourhood V of 0 in X3 there 
exists an index IfiniteK ⊂=,0α and Dd ∈ , 

so that : 0αα ≥  and Ki∈dEi < ,)(γ imply 

 ∫ ∈
E

df μα V

b) For sny neighbourhood V of 0 in X3 there 
exists and index 0α  and  so that 

if 

∈F

∫ ∈
E

Vdf μα 0αα ≥ and .FE , SE −⊂∈  

Proof. Necessity.  For any neighbourhood V of 0 
in  there exists a symmetric entourage W of 

the uniform structure from X  so that 

  

3X

)0(2
3

.VW ⊆

Let 0α  be so that  for 

any E ∈  if 

Wdfdf
E E

∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∫ ∫ μμ αα 0

,

.0αα ≥   
From Theorem 3.2., IV, it results that exists 

 so that we have: 

 if 

IfiniteKDd ⊂=∈ ,1

∫ ∈
E

Wdf )0(
0
μα (Ei .,) Kid ∈<γ  

Therefore  if ∫ ∈
E

Vdf μα 0αα ≥  and 

K∈idEi < ,)(γ , that is the condition a).  
The condition b) is obtained by taking 

{ }0)(:
0

≠∈= sfSsE α

∫ =
E

df 0
0
μα

 . We have F ∈ , and 

 for all E ∈  with . FSE −⊂

Sufficiency. Let W be a symmetric entourage for 
 and let 3X IfiniteK ⊂=,0α ,  and F be 

chosen depending on the neightbourhood W(0) 
according to the conditions a) and b) 
simultaneously. For F and W, let entourage U 
from  be chosen according to axiom .  

1Dd ∈

1X 1C
We write 
  { } .,))(),((; ''' SFUsfsfSsF ∈∉∈=

αααααα
 

Since  is Cauchy in there exists αf{

0

)(1 μΓ
SX

1 αα ≥ so that KFi ∈( id< ,)'αα
γ  for 

. For E ∈  in the semigroup 1
', ααα ≥

33 XX × , we can write: 

1
'222

)'(\

'

)'(\

)'(\

'

)'(\

'

'

'

'

,,)0()()

,

,

,,

αα

μμ

μμ

μμμμ

αα

α

αα

α

αα

α

αα

α

αα

α

αα

ααα

≥++⊆+×+

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

+
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
+

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=⎟
⎟
⎠

⎞

∫∫

∫∫

∫∫∫

∩∩

∪∪

∩∩

WWWWWoW

dfdf

dfdf

dfdfdfd

FFEFFE

FFEFFE

FEFEE

0()0( ×∈

⎜
⎜
⎝

⎛
∫

WW

f
E

Corollary 3.4. Let { }αf  and { }βg
),,,( 31 XXμΓ

)(1 μΓ
SX

 be two 

generalized sequences from , 

convergent in to the same function. 

If and  are generalized 

Cauchy sequences in  uniformly in 
⎭
⎬
⎫

,
⎩
⎨
⎧
∫
E

df μα
⎭
⎬
⎫

⎩
⎨
⎧
∫
E

dg μβ

3X ∈E , 

then for any entourage W from  there exists 3X

0α  and 0β  so that if 0αα ≥ , 0ββ ≥  it results 

that , uniformly in Wd ∈⎟⎟
⎠

⎞
μβg

E E
∫ ∫μ ,dαf⎜⎜

⎝

⎛

∈E

3X

. 
Proof. Given a symmetric entourage  from 

 so that  we choose an 

entourage U from  corresponding to  
according to axiom .  

1W
WWWW ⊆++ 2

1
2

1
2

1

1X

1C
1W

We write { }}))(),((; UsgsfSsF ∉∈= βααβ

IfiniteKDd ⊂

. 

From the previous Lemma it results that there 
exits =∈ ,,0,0 βα  so that if 

∈F  and ,,)(,, 00 KidEi ∈<>> γββαα  E 

⊂ S – F,   E ∈   we have  and 

 

∫ ∈
E

Wdf )0(1μα

)∫ ∈
E

Wdf 1μβ 0(

By hypothesis there exist if 01 αα ≥  and 01 ββ ≥  

so that for 11 , ββαα >>
.

, we have 
, Ki)( dFi ∈<αβγ   

Expressing the pair   in the same 

way as in the proof of the sufficiency from 
Lemma 3.3., the result is obtained. 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
∫ ∫
E E

dgdf μμ βα ,
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Definition 3.5. The function  is called 
- integrable of there exists a generalized 

sequence  from } so that 

and  is a generalized 

Cauchy sequence in , uniformly in 

SXf 1∈

),, 31 XX
μΓ

fα

αf{

f

,( μΓ

⎭
⎬
⎫

df ,μα

3X

⎯→⎯Γμ

⎩
⎨
⎧
∫
E

∈E

3X̂

. 

Then the -integral is the element from  

the completion of , defined by: 

. 

μΓ

∫
E

α
lim

3X

∫
E

fα =dμ dμfα
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(i) For ∈E , the mapping ∫  of 

),  in 3X̂  is additive: 

→
E

fdf μ

, 1 XXμ,( 3Γ

∫ ∫∫ ∈+=+
E EE

gfgdfddgf ,,)( μμμ

),,,( 31 XXμΓ  

(ii) For ),  the mapping 

 is additive: 

∈f

→ Ev(

,,( 31 XXμΓ

∫ ∈=
E

Efd ,) μE

∑
==

=≠=∩=⎟⎟
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⎞
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⎝

⎛ n

i
jii

n

i
i vjiEEEvEv

11

0)Ø(,,Ø),(U

∈f ),,,( 31 XXμΓ

⎯⎯ →⎯

=

∈EE

Ev 0)(lim
μΓ

For  we have:   
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 The proof follows from Corollary 3.4. and the 

definition 3.5.   
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