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B Abstract:

In [4] the author introduces the notion of pseudosubmeasure as generalization of the submeasure
concept [2] and studies some proprieties of the pseudosubmeasure functions with values in a
pseudometric space.

The purpose of this paper is to develop an integration theory for these functions, with respect to a
semigroup valued measure, using families of pseudosubmeasure and the associated topological rings.
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B DRELIMINARIES

The notions and the notations used here follow
the paper [4].

Let D be an ordered set with the smallest
element d, .On this set we define a mapping:

(d,,d,) — d, +d, with the following properties:

@) d,+d=d+d,;vdeD
P2 d,+d,=d,+d;vd,,d,eD
@3) d; <d,=>d+d, <d+d,;vdeD

There exists a subset D, < D left directed such
that

(P4) vd e D,;,3d, e D

sothard, +d, <d.

Definition 1.1. A pseudometric on a set X is a D-
valued function p: X x X — D so that:

@ pxy)=d, & x=y

@ p(xy)=p(y,X),xy,ze X

@) p(xy)<p(x2)+p(z,y);xy,z€X.

A set X together with a pseudometric p is called
a pseudometric space and is denoted by

(X,p,D).
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Remark 1.2. Every uniform space (X, U ) is

pseudosemimetrizable, [4]. Let S be a ring (or

algebra) of subsets of fixed set S.
Definition 1.3. A pseudosubmeasure on a ring

Sc P(S) isa mapping y:S—» D such that:

S, 7(2)=d,

(S.) EcF=y(E)<y(F),EFeS

S)  Y(EUF)<y(E)+y(F),E,FeS

If y has the propert that y(A)=d, => A=
then mapping p:Sx8 - D; p(A,B)=p(AAB) is
a pseudometric on S invariant to transiation A

(symmetric difference).
Let T={y,:S—>D}

pseudosubmeasure on S < P(S) and consider
the family Q. ={v,, K = finitec I,d € D },
where v 4 = (A€ S:y;(A)<d,ae K}

Then there exist a FN-topology t(I') on & so
that S(I') =(S,A,,1([") ) is a topical ring. Let
(X, p, D) be a pseudometric space.

be a family of

iel
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By generalizing the model established in [3], we
introduce an uniform structure on X° in the
following way: To every
K = finite ¢ |,d e D ,we associate the set:

WO={(f,9) eX* X3 eSf(.99)>d}<di ek}

Then, the family {W,(d);deD,,K = finitec 1}
forms a base for an uniform structure 7 on
X5 . We denote X°(I')=(X>,U.). The map
feX® isa S-step function if there exists
X; € X,E; €8,i=12,...,n

X, =X, E;NE; =@,i#],S=| JE, sothatVseE,

i=1
imply T(s)=x;,i=12,...,n.
The space of S-step functions will be denoted by
S X).
Definition 1.4. The function f e X%is T -
pseudosubmeasurable if f belongs to the closure
of &8 X) in X*(I).
We denote by M [S, I, X] the set of these

functions.
Definition 1.5. Let {f }be a generalized

sequence in M [S, I, X] and fe M [S, T, X]. If
f. = f inX>(), then {f,} converges to f in

[ - pseudomeasures and we denote f, —— f.

B BasIiCc ASSUMPTIONS

Let S be a nonempty set, S c P(S) be an
algebra of subsets of S and consider a family of
pseudosubmeasures I' ={y; S — D}, .

Let (X;,p;, Di),i =1,2,3 be three pseudometric
abelian semigroups for which the addition is
uniformly continous with respect to the
pseudometric p;).

In the sequel we consider an additive set
function W8 —> X,,W(@)=0 , and we will

choose a family of pseudosubmeasures as it will
be specified.
The maps which are to be integrated with

respect to u will belong to XlS and the integral

with take values in X, or its completion X ;.

Suppose that a separate continuous bilinear map
exists X, x X, = X5 (X, Y) > Xy so that:

i) x0=0y=0,(xeX;,yeX,)

(X + %) (Y1 +Y2) =X Y1 + XY,

+ XY + XY, (X, Y1 € X1, X5, Y, € X5).
Finally we suppose that F#, M and the above

i)

bilinear map are chosen so that the following
continuity axioms are satisfied:

Ci) For avery F € S and every d'e D, there
exists d'e Dl1 with the following property: for
any neN, if p(x,y;)<d,i=12,..,nand

{E.} is sequence of pairwise disjoint set from §

then: pg(ixi,u(Ei N F),Zn:yi,u(Ei N F)] <d.

C9) For any X € Xy, Elim@ xu(E) =0.
H
EeS

B /NTEGRABLE FUNCTIONS

Let fe &S, X) be a S-step function.
Definition 3.1. For E € S, the integral of fon E

Is by definition I fdu = Z X, u(E; N E).
E

i=1

We denote by 8(8,1““,

integrable step functions.

Xy, X3) the set of T, -

Theorem 3.2. (i) Relatively to the operation
(f+9g)(s)= f(s)+a(s), the space

&(S.T,, X, X,) is a subsemigroup of Xf.
(ii) For Ee€S, the map f —)Ifd,u from
E

S(S,F”, X1, X3) to X, is additive.

(iii)  Forf eS(S,Fu,Xl,X3)
EF—Vv(E),v(E) :j fdu,E€S is an additive
E

the map

function.

(iv) For f ES(S,FH,Xl,X3);

lim vE= lim [fdu=0
E—£-0 E—£-0 E
The proof follows from definition 3.1 and axioms
C, and C,. The extension of the integral from step
functions to the arbitrary functions in X, is
based on the following result:
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Lemma 3.3. Let {f,} be a generalized sequence
from f e S(S,F“, X1, X3) . which is Cauchy in

Xls(rﬂ).For {I fad,u} to be a Cauchy
E

sequence in X; uniform with respect to E € & it

is necessary and sufficient that:
a) For any neightbourhood V of 0 in X; there

exists an index a,,K = finitec | and d e D,

so that :aza,
J.fad,ueV
E

b) For sny neighbourhood V of 0 in X; there
exists and index a, and F eS8 so that

jfad,ueVifaZaoandEeS,EcS—F.
E

and y;(E)<d,ieK imply

Proof. Necessity. For any neighbourhood V of 0
in X, there exists a symmetric entourage W of

the uniform structure from X, so that

W?(0)cV.
Let o, be so that U fad,u,j f%d,ujeW for
E E

anyFe Sifaza,.
From Theorem 3.2, IV, it results that exists
deD,K=fintecl so thar we have:

jfaodyeW(O) ify,(E)<d,i e K.

E

Therefore I f,dueV if az2a, and
E

7;(E) <d,i € K, that is the condition a).

The condition b) is obtained by taking
E={SeS: fao(s);éO} . We have F € S, and

J.faodyzO forall E e Swith EcS—-F.
E

Sufficiency. Let W be a symmetric entourage for
X, and let oy, K = finitec |, d € D, and F be
chosen depending on the neightbourhood W(0)

according to the conditions a) and b)
simultaneously. For F and W, let entourage U

from X, be chosen according to axiom C,.

We write

F . ={seSi(f,(s)f (s)eU}F €S
Since {f, is Cauchy in X (T ) there exists
7i(F )<djieK for

o, z2a,s0  that
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a,a > a,. For £ € & in the semigroup
X3 x X4, we can write:

[fi

j f.du, j f .du

EnF - EnF
aa aa

+

Ifady, j fdu|+

E\(F_'UF) E\(F_ 'UF)
ao aa

j f du, j f.du

X, 'rF) ENF_nF)
eW(0)xW(0) +W(0) xW(0) +W cW? +W? +W?, 2, > o
Corollary 5.4. Let {f,} and {g BJL be two
generalized sequences from &(S ’Fu' X1, X3).

convergent in X, (T ) fo the same function.

If {I fad,u,}and {Igﬂdy} are generalized
E E

Cauchy sequences in X, uniformly in E€ S,
then for any entourage W from X, there exists
a, and B, so that if o >, = f, it results

that Ufady,jgﬂdyjew, uniformly  in
E E

EeS.
Proof. Given a symmetric entourage W, from

X, so that W? +W,? +W,? cW we choose an
entourage U from X, corresponding to W,
according to axiom C,.

We write F,, =1{seS;(f,(s),9,(s)eU}.
From the previous Lemma it results that there
exits a,,f,,deD,K="fintec| so rthar if

FeS and a>a, > pf,7,(E)<d,ieK, F
cS-F FedS we have IfadyeWI(O) and
E

jfﬁdﬂewl(O)
E

By hypothesis there exist if a, > a, and f, > f3,

so that for have

7i(F,,) <d,iekK.

a>a,p>p. we

Expressing the pair ( I f du, _[ g,d ,uJ in the same
E E

way as in the proof of the sufficiency from
Lemma 3.5., the result is obtained.
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Definition 3.5. The function f e X, is called

I, - integrable of there exists a generalized
sequence {f, from S(S,F“, X1, X3) } so that

f —+>f and {J’f d,u,} is a generalized
E

Cauchy sequence in X,. uniformly in E€ §.

Then the T , -integral is the element from X,

the completion of X,, defined by:

[ f,du=tlim[f,du.
E “ E

From the Corollary 3.4 it results that above F# -
integral is properly defined. We denote by
L(S,T,,X,,X3) the set of T, -integrable
functions from M lS Ay, X1J.
It is obvious that
&S, T, X, X3) < L(S, 1, X, X3) and the T, -
S(S,Fy,Xl, X3)
coincides with the U, -integral from Definition

3.1
Theorem 3.6. Relatively to the operation of
addition the set L(S,Fu,Xl,X3)

integral  restricted  to

s a
, S
subsemigroup of X

(i) For E €S8, the mapping f — J. fdu of
E

L(S, T, X1, X3) in )23 is additive:
[(f+9)du=]fdu+[gdu f.ge
E E E

L(S, T, X1, X3)
(ii) For f e .L(S,F#,Xl,Xg,) the mapping
E—>v(E)= I fdu, E € S is additive:
E
V(U EiJ =S V(E).E, nE, =B,i% jv(@)=0
For feL(S,Fﬂ,Xl,Xs) we have:
limv(E)=0
Ty
E EeS

The proof follows from Corollary 3.4. and the
definition 3.5.
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